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ANALYSIS AND DESIGN OF STRUCTURAL ELEMENTS 

WITH OPTIMAL LONGEVITY 

V. A. Zaev and A. F. Nikitenko UDC 539.376+539.019 

P rac t i ca l ly  all invest igat ions  devoted to the opt imal  design of s t ruc tu ra l  e lements  a re  executed under the 
assumpt ion  of s teady c reep  and do not take into account the c i r cums tance  that  the cumulat ive  damage  p ro ce s s  
accompanied  by a continuous red is t r ibu t ion  of the s t r e s s  there in  p r ecedes  f r ac tu re  of the ma te r i a l .  The solu-  
tion of op t imiza t ion  p r o b l e m s  with the t rad i t iona l  opt imal i ty  c r i t e r ion  of the equal s t rength  type r e su l t s  in un- 
r ea l i zab le  des igns  in the ma jo r i t y  of cases .  

In this connection, a var ia t ional  formula t ion  of the p rob l em of analyzing and designing s t ruc tu ra l  e l ements  
with opt imal  longevity is p resen ted  below. It is proposed he re  to use  an opt imal i ty  c r i t e r ion  that  takes  ac -  
count of the total damage  ove r  the volume of the ma te r i a l  during c reep  as the t a rge t  functional. A method is 
developed for  solving this  p r o b l e m  on the bas i s  of nonl inear  p r o g r a m m i n g  methods.  

Let  a body of volume V bounded by a su r face  S be loaded by sur face  loads that  a re  constant  in t ime.  The 
s y s t e m  of equa t ions  descr ib ing  c reep  of the ma t e r i a l  and s imul taneous ly  taking account of the cumulat ive  dam-  
age there in  has the fo rm [1] 

<~1 s~ i, ] : i ,  2, 3; 
plj ( i - ~ ) ~  2s~' (1) 

= r  - ( 0 ) ~ ,  ( 2 )  

where 4}1, 4>2 a re  homogeneous functions in the s t r e s s  of degree  (n + 1) and (g + 1), s i j=  a i j  - (~kkhij /3;  (~ij a re  
s t r e s s  t ensor  components ,  S 2 = s i j sV/2 ,  Pij a r e  c reep  s t r a i n  t enso r  components ,  w is the damageabi l i ty  p a r a m -  J 
e te r ,  and m, n, g a re  m a t e r i a l  c h a r a c t e r i s t i c s ,  and the dot denotes different ia t ion with r e spec t  to.the t ime .  
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At the initial instant w(x k, 0) = 0 at all points of the body, at the t ime t .  the damageabil i ty pa rame te r  at 
a cer ta in  point of the body with coordinates x k (k = 1, 2, 3) reaches  its cr i t ical  value w(x~, t , )  = 1 and ma-  
ter ia l  f rac tu re  occurs  (t. is the t ime of the beginning of body f rac ture .  

We assume the total s t ra in  rate ~ij is the sum of elast ic s t ra in  eij and creep s t ra in  rate tensor  com-  
ponents 

e~:=e~j~-p~j,  i, ] - -  i, 2, 3. 

The eij components are  related to ai. by H0oke's  law. 
�9 j 

and in the elast ic domain, i.e., e i j6 i j  = 0. 

The equil ibrium e q u a t i o n s  

and the Cauchy relat ionships 

(3) 

For  s implici ty we consider  the mater ia l  incompress ib le  

O,~j/Oxj --  O, i, ] =  t, 2, 3 (4) 

2e~j = OuJOx~ rl- O/~i/Oxi, (5) 

are  valid at any point of the body, as are  the boundary conditions on the surface S of the body 

c~jvj-- Ti. (6) 

Here u i are  displacement  vector components,  uj a re  vector  components normal  to the body surface  S, and T i 
are  components of the external load vector.  

Since the inequality 0 <_ c0 (Xk, t) _< 1 is valid for any time, then the total damageabil i ty of the mater ia l  in 
a volume V at a t ime t . .  can be est imated by the functional 

= ~ [t  - co (xl .  t**)]  L dV, (7) 
V 

where w(x k, t . . )  is the value of the damageabil i ty p a r a m e t e r  at the time t = t . . ,  the given time of exploitation. 

The functional (7) evidently takes on its absolutely minimal value just in the case when the damageabil i ty 
p a r a m e t e r  reaches  its cr i t ical  value w(x k, t . . )  = 1 s imultaneously at all points of the body. This condition 
cor responds  to an equally s t rong s t ruc ture  element during creep [2]. It was noted above that real izat ion of 
equally s t rong s t ruc tu res  does not always turn out to be possible and frequently resul ts  in prac t ica l ly  unrea l iza-  
ble resul ts .  In this connection, we introduce the concept of an optimal s t ruc ture  relat ive to longevity. 

The body (s tructure element) is called optimal re lat ive to longevity if as much damage as possible is 
s tored in the mater ia l  up to a previously  assigned t ime t . .  ; in other  words, the body is optimal if  i ts  mater ia l  
during the exploitation time t** depletes its r e s o u r c e s  maximally.  Therefore ,  the problem of designing an 
optimal s t ruc ture  reduces  substantially to seeldng the minimal value of the functional (7). The s t r e s s  tensor  
and s t ra in  rate  components should here  sat isfy the relat ionships (1)-(6). 

To take account of the constra ints  imposed on the s t ruc ture  by the exploitation conditions, the fabrication 
technology, the allowable dimensions,  etc., the sys t em (1)-(7) should be supplemented by the relat ionships 

Gz(xh, ai.~, u~, c0)1> 0, l---- I, 2, 3 . . . . .  (8) 

where G l a re  given functions determined by the formulat ion of the problem. 

Therefore ,  the problem of designing a s t ruc ture  with optimal longevity reduces  to investigating the ta rge t  
functional (7) for a conditional ex t remum with the constra ints  (1)-(6), (8). 

La ter  we shall consider  the following problem: For  given external loads and tempera tu re  mode de te r -  
mine the geometr ic  dimensions of a s t ruc ture  such that it would be optimal in longevity. 

The solution of the nonstat ionary variational problem (1)-(8) is fraught with significant mathematical  dif-  
ficulties and is possible only by relying on numerical  methods and special t rans format ions  [3, 4]. This is ex- 
plained by the fact that the s t r e s s - s t r a i n  state of the s t ruc tura l  element depends on the coordinates of the body 
points and the time, and their  determinat ion within the f ramework  of a variational problem is a very  complex 

problem. 

In this connection, we reduce the initial variat ional  problem to a nonlinear mathematical  p rogramming  
problem [4, 5]. Using the terminology of the theory of optimal control,  we let U denote the vector  of the s t ruc -  
ture  pa rame te r s  to be variated o r  controlling. 
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In par t icular ,  the controll ing pa rame te r  is the geometr ic  dimensions of the s t ruc ture .  A state vector of 
the s t ruc ture  Y cor responds  to each value of U. The correspondence  between U and Y at any t ime is set up 

f rom the solution of the sys tem (1)-(6). 

Superposing a part i t ion mesh  of s t ra ight  lines z~ '> -~ x~~177 (n - -  1)Axe, e.g.,  on the volume V, we seek val-  
ues of U n at the part i t ion mesh  nodes. Replacing the functional (7)by an approximate finite sum and writing 
the constra ints  (8) at the part i t ion mesh nodes, by taking account of the notation used we obtain a nonlinear 
mathemat ical  p rog ramming  problem instead of the initial variational problem: Minimize the ta rge t  function 

L = ~ [i -- r (Un, Yn)] Ax(h n) (9) 

while sat isfying the constra ints  

Gt(U~, Y~) > 0, I = i, 2 .... (10) 

To solve the optimization problem (9), (10) we use the method of local variat ions.  It is applicable to func- 
t ionals dependent on severa l  variables ,  and as is especial ly important ,  to complex fanctionals [4]. The crux of 

values of U(n~ and al ternate changes in these values by the magnitude of this method is to seek initial allowable 
the variat ional  step Ah. Only those values U~ ) = U~ -1) ~_= hh are  taken in each variational step that would r e -  
sult in diminution of the target  function (9) and not disturb the constraints  (10). Execution of the se r i e s  of such 
i terat ions is continued until the difference between two consecutive values of the target  function turns  out to be 
sufficiently small  (]L (~) --  L(~-1)1 ~ e). 

Since the method of local variat ions general ly  resul ts  in a local extremum, then the resu l t  of solving the 
problem depends a g rea t  deal on the number  of part i t ion points, the initial allowable values, and the magnitude 
of the variat ional  step. Consequently, to design s t ruc tures  with optimal longevity it is expedient to use a var i -  
able variat ional  step, determined such that those values of U n having grea tes t  influence on the ta rge t  function 
(9) would be subject  to change. We will determine the magnitude of the variational step as the controlling pa-  
r a m e t e r  diminishes and increases in the i-th iteration at the n-th partition point by the relationships 

AhX ~+) = h0 ~(+- ,  ( 4 %  t**) Ah~ = h0 ~(+-l)-m~ ~-~/+(~), t**) ( i l )  

where h 0 is the grea tes t  value of the variational step, ~(i-1) is the value of the damageabil i ty pa rame te r  at the 
(~ ,) ~( i  1) a point being varied in the (i - 1)-th i teration, ~ ~-in, -(mi~ re the least and grea tes t  values of the damageabili ty 

p a r a m e t e r  among all the points being varied in the (i - 1)-th iteration, k is an exponent. Solution of the non- 
l inear p rog ramming  problem (1)-(6), (9), (10) is fraught with definite mathematical  difficulties and requi res  
co lossa lexpendi tures  of machine time. This is due to the fact  that sett ing up a connection between the control l -  
ing p a r a m e t e r s  Un during execution of each i terat ion and the state pa ramete r s  Yn defined by Eqs. (1)-(6) by the 
t radi t ional  method of t ime steps requi res  considerable  t ime expenditures in the electronic computer  [1, 6]. If 
it is taken into account that the number  of such i terat ions is large,  then the solution of the formulated problem 
becomes unrealizable,  even using modern electronic computers .  

Because of the c i rcumstance  noted the analysis  and design of s t ruc tures  with optimal longevity are  ex- 
pediently per formed on the basis of an approximate method elucidated in [7, 8]. According to this method, 
which is based on utilizing a mixed variational principle,  the problem of determining the s t r e s s - s t r a i n  state 
of a s t ruc ture  reduces to solving an analogous problem under the assumption of steady creep of the mater ia l .  
The des i red  solution is obtained here  for any t ime by multiplying the solution of the steady creep problem by a 
function of the coordinates and the time, for whose determinat ion a sys tem of integrodifferential  equations is 
obtained [7, 8] ~ d  whose solution can be obtained with minimal t ime expenditures on the computer .  Utilization 
of the proposed approximate method permi ts  reduction of the original nonstat ionary optimization problem to a 
s ta t ionary problem, to set  up a finite connection at the t ime t . .  between the controlling pa rame te r s  U n and the 
state p a r a m e t e r s  Yn and thereby substantial ly cut down the volume of computational operat ions on the e lec-  
t ronic computer .  

As an i l lustration, let us consider  the problem of determining the c ross - sec t iona l  profile of a beam with 
optimal longevity, of height h and bending moment  M for given constra ints  on the allowable dimensions of the 
beam width and on the level of the s t r e s s  state. The t ime of exploitation t** is considered given. 

Taking account of the relat ionships (7) and (8), the problem formulated is to minimize the s 
h f2 

L = j b [i -- o~ (y,~ t**)] dy (12) 
0 
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while s a t i s fy ing  the c o n s t r a i n t s  

o (y, t**) < ~ .  

H e r e  y is the runn ing  coord ina te  a long the b e a m  height ,  b(y) is the width of the b e a m  sec t ion ,  bi, b 2 a r e  the 
min ima l  and m a x i m a l  a l lowable  d i m e n s i o n s  of the  b e a m  width, and a T the m a t e r i a l  y ie ld  point .  

The fundamenta l  r e l a t ionsh ips  of  the c r e e p  p r o b l e m  (1)-(6) should be sa t i s f i ed  [7]: 

(13) 

(14) 

h/2 
2 j' baydy = M; 

o 
(15)  

+m + ~ = ~y; (16) 

p = Bl~'~]p~; (17) 

(18) 

where  f o r  ~1, ~2 in (1) and (2) t h e r e  is taken a p o w e r - l a w  dependence  on the s t r e s s  O1 = Blo n+l, @2 = B2ag+l; 
>t is the r a t e  of  b e a m  c u r v a t u r e ,  and E is  the  e las t i c  modulus .  The funct ion p is r e l a t ed  to the d a m a g e a b i l i t y  
p a r a m e t e r  co by the r e l a t ionsh ip  

(0--~ 1 - -  9, (19) 

obtained by integrating the kinetic damageability equations (2), 

We will construct an analysis of the optimal profile on the basis of the mentioned approximate method, 
which permits reduction of the initial nonstationary optimization problem to a stationary problem, and the method 
of local variations with a variable variation step. 

It is shown in [7] on the basis of a mixed variational principle that the solution of the problem (15)-(19) at 
any instant has the form 

a(y, t) = (~o [~(y, t) Wnlx(t). (20) 

H e r e  a ~ is the solut ion of an ana logous  p r o b l e m  under  the a s sumpt ion  of s teady  c r e e p  of the m a t e r i a l  

h/2 

o o =  Myl/'~/2 ~ bY(n+l)/ndY. 
o 

The func t ions  X(t) and u(y, t) a r e  d e t e r m i n e d  h e r e  by the e x p r e s s i o n s  

(21) 

X (t) = (l - -  tri~ (22) 

(23) 

w h e r e  t o = [(m + i) B2(~~ 

h/2 lh/2 ]--1 
t'~ = (m + ,) B 2 S ba~ bo'n+ldy ; 

o I o  
= m I [ n + m ( n - -  g - -  t)] ;  v = [ n + m ( n - - g - - t ) ] /  

~In(raN t ) ] ;  ~,, = ~v .  

Sta r t ing  f r o m  the middle  s u r f a c e  and dividing the b e a m  sec t ion  a c c o r d i n g  to height ,  into l equal p a r t s  and 
r ep lac ing  the i n t eg ra l s  in (12), (22), (23) by a pp rox ima te  f ini te  s u m s ,  then taking account  of  (19), (20)-(23), we 
obta in  

l+1 

L = ~, b (Yi) ~t (Yl, t**) Ay~; (24) 
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Fig .  1 
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Fig. 2 
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Fig .  3 

0,01 

i?ig. 4 

bl(!/i) ~-~ b(gi) ~ b2(Yl); (25) 

o ~ (u~) ~'~/'~ (u~, t**)/X (t**) <~T (26) 

(hg --  hl21, gi = (i - -  t )hg) .  V a l u e s  of o~ ~t(g~, t**), X( t**)  at  the  p a r t i t i o n  m e s h  nodes  a r e  d e t e r m i n e d  by  

the  r e l a t i o n s h i p s  (20)-(23) .  

Be ing  g iven  a c e r t a i n  i n i t i a l  va lue  of the  b e a m  p r o f i l e  b~ tha t  s a t i s f i e s  the  c o n s t r a i n t s  (25) and (26), we 

d e t e r m i n e  L (~ and p(~ i ,  t**)  f r o m  (23) and (24). 

By a l t e r n a t e l y  chang ing  the  va lue  of b(~ ) by  the  m a g n i t u d e  of the  v a r i a t i o n a l  s t e p  Ah(t)(yi) de f ined  by 
(11), and s e l e c t i n g  j u s t  t h o s e  v a l u e s  of b (l) (yi) t ha t  r e s u l t  in d iminu t i on  of the  t a r g e t  func t ion  (24) and s a t i s f y  
the  c o n s t r a i n t s  (25) and (26)~ we ob t a in  b(1)(yi ), L (1), p(1)(y i ,  t**).(D The computation" p r o c e d u r e  i s  r e p e a t e d  unt i l  
the  t a r g e t  func t ion  (24) r e a c h e s  i t s  l e a s t  va lue ;  the  q u a n t i t i e s  b (Yi) o b t a i n e d  h e r e  wi l l  d e t e r m i n e  the p r o f i l e  

of the  f l e x i b l e  b e a m  with  o p t i m a l  l ongev i ty .  

The  n u m e r i c a l  c o m p u t a t i o n  of the o p t i m a l  p r o f i l e  was  p e r f o r m e d  fo r  a b e a m  of g iven  he igh t  h = 0.02 m 
wi th  f ixed  s h e l f  t h i c k n e s s  of  0.06 h and s u b j e c t e d  to  a M = 80 Nm bending  m o m e n t  and s u s t a i n i n g  g iven  l o a d s  
f o r  a t i m e  of t** -- 323 h. The  c o n s t r a i n t s  on the  b e a m  width and the  s t r e s s  s t a t e  l eve l  g o v e r n e d  by (25) and 
(26), and the  m a t e r i a l  c h a r a c t e r i s t i c s  had the  fo l lowing  v a l u e s  [7]: b 1 = 0.002 m, b 2 = 0.02 m,  a T = 260 MPa ,  
E = 5.6 �9 104 M P a ,  n = g = 5, m = 10, B i = 1.4043 �9 10 -14 (MPa) - n  �9 h -~, B 2 = 0.9362 " 10 -j5 ( M P a ) - ( g  +~) �9 h -~. 
The  exponen t  f o r  d e t e r m i n i n g  t h e  v a r i a t i o n a l  s t e p  i s  h = 7. 

F i g u r e  1 shows  the  p r o f i l e  of the  f l e x i b l e  b e a m  with  o p t i m a l  l ongev i ty .  It i s  i n t e r e s t i n g  to note  tha t  the  
g e o m e t r i c  dime~Lsions of the  b e a m ' s  r e c t a n g u l a r  t r a n s v e r s e  p r o f i l e  tha t  have  the  s a m e  t i m e  to f r a c t u r e  u n d e r  
the  s a m e  l o a d s  equa l  b = 0.01 m,  h = 0.02 m.  C o m p a r i s o n  of  t h e s e  p r o f i l e s  shows  t hay  the  we igh t  of the  o p -  
t i m a l  b e a m  i s  d i m i n i s h e d  34% as  c o m p a r e d  with  a b e a m  of r e c t a n g u l a r  c r o s s  s e c t i o n .  

P r o b l e m s  of  the  d e s i g n  of  p r o f i l e s ,  o p t i m a l  in l ongev i ty ,  fo r  a r o t a t i n g  d i s c  and f l e x i b l e  and e x t e n s i b l e  
a n n u l a r  p l a t e s  w e r e  c o n s i d e r e d  in an ana logous  r a m m e r .  

F i g u r e  2 shows  the  o p t i m a l  p r o f i l e  of a d i s c  of  r a d i u s  r 2 = 0.3 m with a ho le  of r a d i u s  r~ = 0.09 m s u b -  
j e c t e d  to the  a c t i o n  of a p = 40 M P a  bucke t  load ,  and r o t a t i n g  at  a c o n s t a n t  a n g u l a r  v e l o c i t y  of n w = 5100 r p m .  
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The  e x p l o i t a t i o n  t i m e  i s  t** = 550 h. T h e  m a t e r i a l  c h a r a c t e r i s t i c s  and the  c o n s t r a i n t s  on  the  a l l o w a b l e  d i m e n -  
s i o n s  of the  d i s c  t h i c k n e s s  a r e  the  fo l lowing:  E = 6 �9 104 M P a ,  n = 5.62, g = 5, m = 9, B 1 = 0.3224 �9 10 -12"62 
(MPa) - n  �9 h -1, B 2 = 0.3375 �9 i 0  -13 ( M P a ) - ( g  +1). h -1, a T = 260 M P a ,  h l ( r  2) = h2(r2) - -0 .03  m,  hi ( r )  = 0.015 m,  
h2(r) = 0.08 m,  k = 4. I t  i s  i n t e r e s t i n g  to  no te  tha t  the  t i m e  of e x p l o i t a t i o n  of a c o n s t a n t - t h i c k n e s s  d i s c  s u b -  
j e c t e d  to the ac t i on  of the  v e r y  s a m e  l o a d s  i s  t** = 316 h. Thus  i t  fo l lows  tha t  fo r  an i d e n t i c a l  s t r u c t u r e  weight  
the  e x p l o i t a t i o n  t i m e  of  an o p t i m a l  d i s c  i n c r e a s e s  1.74 t i m e s  a s  c o m p a r e d  with  a c o n s t a n t  t h i c k n e s s  d i s c .  

F i g u r e  3 shows  the p r o f i l e  of an o p t i m a l  p l a t e  of r a d i u s  r 2 = 0.12 m with  an i n n e r  ho le  of r i = 0.07 m r a -  
d ius  s u b j e c t e d  to  a bend ing  m o m e n t  of i n t e n s i t y  8.5 Nm d i s t r i b u t e d  u n i f o r m l y  o v e r  the o u t e r  c on tou r  and s u s -  
t a i n i ng  g iven  l o a d s  d u r i n g  a t i m e  t** = 276 h. H e r e  n = 5, g = 5, m = 10, E = 5.6 �9 104 M P a ,  B i = 0.379 �9 10 -12 
(MPa) -n �9 h-il B 2 = 0.252 �9 10 -13 (MPa)-(g +I) �9 h -z, a T = 260 MPa, h i = 0.01 m, h 2 = 0.i m, and k = 4. 

Comparison of the displayed optimal plate with a constant thickness plate subjected to the action of the 

very same loads shows that the saving in weight in the optimal design is 15.5% for an identical time to fracture. 

Figure 4 shows the profile of an annular plate of optimal longevity, subjected to the action of radial forces 

q =-0.145 MPa �9 m (uniformly distributed over the inner contour) and sustaining given loads for a time of 

t** = 329 h for r 2 = 0.12 m, r I = 0.06 m, and a material characteristic in conformity with the preceding ex- 

ample. The constraints on the allowable dimensions of the plate thickness were given by the values h i = 0.01 m 

and h 2 = 0.08 m.  

C o m p a r i s o n  of the  o p t i m a l  p l a t e  r e p r e s e n t e d  with  a c o n s t a n t  t h i c k n e s s  p l a t e  hav ing  the  s a m e  t i m e  to f r a c -  
t u r e  u n d e r  the  s a m e  l o a d s  shows  tha t  the  s a v i n g s  in  we igh t  is  19.7% in the  o p t i m a l  d e s i g n .  

I t  fo l lows  f r o m  the  c o m p u t a t i o n s  p r e s e n t e d  tha t  the  o p t i m a l  d e s i g n s  c o r r e s p o n d  c o m p l e t e l y  to r e a l  s t r u c -  
t u r e s  and p o s s e s s  s u b s t a n t i a l  a d v a n t a g e s  h e r e  a s  c o m p a r e d  with a n a l o g o u s  v e r y  s i m p l e  s t r u c t u r e s  which  a r e  
e x p r e s s e d  e i t h e r  by an i n c r e a s e  in the  e x p l o i t a t i o n  t i m e  o r  by a d i m i n u t i o n  in t he  s t r u c t u r e  we igh t .  
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